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Abstract 

We investigate the transition of the polarized photon structure func- 
tion gi{x, Q^, P^) when the target photon shifts from on-shell (P^ = 0) 
to far off-shell (P^ ^ A^) region. The analysis is performed to the next- 
to-leading order in QCD. The first moment of gl which vanishes for the 
real photon, turns to be a negative value when target photon becomes 
off-shell. The explicit P^-dependence of the first moment sum rule as 
well as of the structure function gi{x, Q^, P^) as a function of x is studied 
in the framework of the vector meson dominance model. 
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The photon structure has been investigated both theoretically and experimen- 
tally for decades 121 El E] • And in recent years there has been growing interest in 
the spin structure of the photon. In particular, the first moment of the polarized 
photon structure function gj has attracted a lot of attention in the literature 0-0 
due to its connection with the axial anomaly. This structure function gi{x, Q^, P^), 
where = —Q^ {jP' = — P^) is the mass squared of the probe (target) photon, can 
be measured in the experiments either of the polarized ep collision piU ITT] or of the 
polarized e'^e~ collision in the future linear collider ILC [T^ llHj. 

A unique and interesting feature of the photon structure functions is that, in 
contrast with the nucleon case, the target mass squared — P^ is not fixed but can take 
various values and that the structure functions show different behaviors depending 
on the values of P^. The QCD analysis of gj for a real photon (P^ = 0) target 
was performed in the leading order (LO) ^3], and in the next-to-leading order 
(NLO) mmHl. In the case of a virtual photon target (P^ ^ 0), g1{x,Q^,P^) was 
investigated up to the NLO in QCD by the present authors in 14 , and in the second 
paper of ^H] • Moreover, the polarized parton distributions inside the virtual photon 
were analyzed in various factorization schemes ^^1; and the target mass effects of 
gi{x, Q"^, P^) was studied in |17j. In Refs.fTHITI)] the structure function gj{x, Q"^, P^) 
was analyzed in the kinematic region 



where A is the QCD scale parameter. The advantage in studying the virtual photon 
target in the kinematic region (0) is that we can calculate structure functions by the 
perturbative method without any experimental data input j22], which is contrasted 
with the case of a real photon target where in the NLO there exist nonperturbative 
pieces |1I]-|2H]. 

In the present paper we analyze the transition of the polarized photon structure 
function gj when the target photon shifts from on-shell (P^ = 0) to far off-shell in 
the region (^. In fact, gj exhibits an interesting P^-dependence. At P^ = 0, the 
structure function gj satisfies a remarkable sum rule [Sj-IOl: 



A^ < p2 < 



(1) 




(2) 
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But when the target photon becomes off-shell, ^ 0, the first moment of the 
corresponding photon structure function gi{x,Q'^,P'^) does not vanish any more. 
For the case ^ ^ Q^, the first moment has been calculated up to the 
NLO 01131, quite recently up to the next-to-next-to- leading order (NNLO) in 
QCD [IH]. The NLO resuh is 

with Po = 11 — 2nf /3 being the one- loop QCD /5 function. Here a (^^(Q^)) is the 
QED (QCD running) coupling constant, nf{e^) = J2i=i^i and nf{e'^) = YnLi^f 
with Cj being the electric charge of the active quark (i.e., the massless quark) with 
flavor i in the unit of proton charge and the number of active quarks. In order 
to investigate the transition of Qi from on-shell to far off-shell region, we derive a 
formula which accommodates a unified description of both regions. And we explain 
the transition from the vanishing first moment sum rule (0) at = to the non- 
vanishing sum rule for off-shell P^ 7^ 0. For the explicit P^-dependence we resort 
to the vector-meson-dominance (VMD) model |31j . 

In the framework of the operator product expansion supplemented by the renor- 
malization group method, the n-th moment of (7i (x, Q^, P^) is given as follows |14j : 

['dxx--'gUx,Q\P')= E Ci{Qy^^^-gi^^%a){^{p)\Ri{^'Mp)) , (4) 

where |7(p)) is the "target" virtual photon state with momentum p, P^ and C,^ 
are the twist-2 spin-n operators and their coefficient functions with /i being the 
renormalization point. The indices ip, G, NS and 7 stand for singlet quark, gluon, 
nonsinglet quark and photon, respectively. The photon structure functions are de- 
fined in the lowest order of the QED coupling constant a, and in this order we have 
(7(p)|PJ^(/i^)|7(p)) = 1 for the photon matrix element of the photon operator P^. 

In the previous work ^1 |^ we took the renormalization point at /i^ = P^, 
where P^ is much larger than A^, so that we could calculate perturbatively the 
photon matrix elements of the hadronic operators P„ = (P^, P^, Rn^) In the 
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present case, varies from the deeply virtual region down to = 0. Therefore 
we take the renormalization point at fi"^ = Qq, where Qq satisfies the condition 

< g2 ^ Q2 (5) 

Then the n-th moment of gj^x, Q^, P^) is expressed as (see Eq.(3.13) of Ref.| 



dxx''-^gJ{x,Q\P'') 



a 



A^iQl; P2) . M^iQ'/Ql MQ^))a(l, giQ')) 



+X„(Q7Q^, ^(Q^), a) ■ -g{Q')) + CI , (6) 



where An = {A^, A^, A^^) denote the photon matrix elements of the hadronic 
operators Rn renormalized at /x^ = Ql and are defined as 

— * ry — * 

{iip)\Rn{f^)Hp))U^=Ql = ^A^iQl;P') ■ (7) 

The evolution factors M„ and X„ are given in terms of T-ordered exponential as 120] 



MniQVQl,g{Q')) = Texp 
Xn{QVQl,giQ'),a) 



sm P{g) 



(8) 



m) K^{g,a) 

dg — — - — X I exp 

siQ^) l3{g) 



siQ^) Pig'j 



with 7„ and Kn being the hadronic anomalous dimension matrix and the off-diagonal 
element representing the mixing between the photon and hadronic operators, re- 
spectively. The coefficient functions are expanded up to the one loop level as (see 
Eq.(3.15) of Ref.H) 



Cn{i,g{Q')) 



C2{'^,g,a) 



I ct{irgm) 



I {e') (i + ^b:^) \ 

1 _|_ O'siQ'^) TJn . 



a 
Air 



(9) 



It is noted that, in Eq.®, the P^-dependence only resides in A„((5o;P^), the 
photon matrix elements of the hadronic operators. When the photon state becomes 
far off-shell and P^ approaches Qq, y4„(Qg;P^) are considered to be point-like and 
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can be evaluated perturbatively. Indeed, the point-like component has been calcu- 
lated in the MS scheme [22] 5 and we get in the leading order, 



((e^),0,(e^)-(eV) 
xl2n 



n 



n{n + 1) 



fc=i 



(10) 



For an arbitrary in the range < < Q"^^ divide An{Ql'^ P^) into two pieces 

such that ln(Qo; P^) = ^n{Ql; P^) + with 



^n(<5oi P^ 



{AtiQl;P'),A^M:P'),A:!'iQl;P' 



(11) 



Note that AnlQl; P"^) contain nonperturbative contributions (i.e., hadronic compo- 
nents) when p2 is in the range < P^ < Qg, and satisfy the following boundary 
condition by definition: 



An{Ql-P' = Ql) = 



(12) 



Then following the same procedures as we did in Ref. |14j. we obtain the formula 
for the n-th moment of gj up to the NLO in QCD, 



I dxx''-^gJ(x,Q\P^) -- 
Jo 

+ E -4r{i 



i=+,-,NS 



a 1 



+,-,NS 



4tt 



«s(g2){^ 
}+ E ^r{i 



i=+~,NS 



+ r + 2f3oAn{Ql;P')- E P^CnihO) 



asiQ 



TVS \«s(<5o) 



(13) 



which is applicable for any values of the target mass P^ in the range < P^ < Qo- 
Here the coefficients L", and i3" are computed from the one- and two-loop 
anomalous dimensions together with one-loop coefficient functions and their explicit 
expressions are given in Ref.[14j. The coefficient C" is expressed as 

C" = 2/?o(3n/(e^)P; + 4°)-d(l,0)) . (14) 
4 



The exponents rf" are given by = A"/2/5o {i = +,—,NS) where A" are the 
eigenvalues of the one-loop anomalous dimension matrix 7^°\ which is expanded as 
7n = with P" being the projection operators (see Appendix A of Ref.[T3] 

for more detail). It is noted that all the terms in the square brackets except the 
last one with AnlQ^; P"^) are calculable by the perturbative QCD. Eq. (jl3j) is the 
master formula which can be applied to the kinematical region where satisfies 
the condition (0) and takes any values between and Qq. When P^ approaches 
Ql, the last term with An{Ql; P^) vanishes, and we recover our previous result 
(Eq.(3.16) of Ref.|14j) for the n-th moment of gi{x,Q'^, P"^) which is applicable to 
the case A^ < ^ 

Now let us study the first moment in the leading order. To this end we take the 
n — s> 1 limit of the formula (jl3p . As shown in ref. the terms proportional to L", 
A'^ and all vanish in the n = 1 limit. But the last two terms in ()13p contribute 
to the first moment. Since 3!^=^ = and C„=i(l, 0) = ((e^), 0, 1)"^ in Eq.©, we find 
from Eqs.dini) and ^ 

C-=i = -2A/3onf{e^) . (15) 

From the explicit expression of the one-loop anomalous dimension matrix at 
n = 1 (see Appendix B of Ref. [Hj), we compute the eigenvalues A""^ {i = +, — , A^^*) 
and the corresponding projection operators P"^^, and find 

E Pr'Cn=i{l,0) I^^A ={{e'),0,ir. (16) 
i=+-,NS \«sl<^oJ/ 

Thus we obtain for the first moment of gJix, Q^, P^) up to the order of a 

£dxgUx,Q\P') = -^n,(e^) + £((e^)Iti(Q^;i^^) + ^t"i(Q^;i'^)) , 

(17) 

which holds for the range of the target photon mass squared: < P^ < Qg- 
is emphasized that apart from the QED coupling constant a, the leading order of 
the first moment is 0{1) not of order l/as{Q'^), which is the case for the general 
moments of gj with n > 1. 

In the above equation (fT7|) . the last two terms will vanish as we go to higher 
P^ ^ A^, while at P^ = they cancel out the first term which arises from the 
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pure QED point-like interaction, as we see from Eq.Q- Now we investigate the 
P^-dependence of these two terms. An argument which leads to Eq.(j2I) goes as 
follows ini- Only the quark operators contribute to the first moment of gj, since 
gauge-invariant twist-two gluon and photon operators with spin one are absent. This 
remark is supported also by the expression of Eq.(|T7j). The relevant n = 1 quark 
operators Rt,=i a -^-^=1 a added the Lorentz index cr) are, in fact, the flavor 
singlet Jg^ = ip'jfj'y^lip and nonsinglet J^"^ = V'To-TslQch ~ axial currents, 

respectively, where Qch (1) is the Uf x nj quark-charge (unit) matrix. Consider the 
photon matrix element of these axial vector currents, which are expressed as 

iimLbip)) = RL,ipjy'il)e''ip) , k = ^,NS, (18) 

where p and / are external photon momenta, and e"(p) and are photon polariza- 
tion vectors as shown in Fig.l. Then the covariance, parity and crossing symmetry 
lead to the following tensor decomposition for the vertex function lUj: 

R^pipJ) = e„,^p{p + ir A\s\p\l'')+e„^,sp''l'{B\{s\p\l'')pp 

+B',{s',pM'M + e^p,sp''l'{B'As',pM')la + Bl{s\p\f)p^}, (19) 

where = {p — /)^. Imposing the current conservation, 

p-Rl^p = fBt^p = 0, (20) 

we obtain the following relations: 

A\s^pM') = p.lBl{s\pM')+p'B^,{s\p\f), 

= p-lB\{s\p\f) + fBl{s\p\f). (21) 
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Now restricting ourselves to the case of the forward scattering where we put p = I 
and = (p — ly = 0, we get 

RL^{p,p) = 2e^,^0''A\O,p\p') = [2e^..0''y {b'[{0,p\p') + B',{0,p\p')) .(22) 

Since there is a relation R^^p{p^p) = 2ecjyai3P^ {lip)\Rn=li.^^^)\l{'P)) ^ the matrix 
element (7(p)|-R^^]^(/i^)|7(p)) is proportional to p^(= — P^). Hence we conclude 
from Eq.(0]) that the first moment of g1 is expressed in the form as 

dxg1{x, Q\ P') = P'B{P') ^ B{P') . (23) 

Jo 

At = we have the vanishing sum rule (j2I) , unless there appears a massless pole 
like a Nambu-Goldstone boson in P(P^). 

In order to examine the explicit P^ dependence of the hadronic terms A^^-^^IQq] P^) 
and A^£^{Ql; P^) in Eq. let us adopt the VMD model In this model the 
photon matrix element of the axial vector current J^a is given by 



/ 1 \ ^ 

{l{p)\J,M\l{p)) = ^Tia (y{^rn)\J,M\V{m)) , (24) 

where \V{m)) are the vector meson states with mass m, and p{m?) is the spectral 
function for the generalized vector dominance model |32j, which can be written as 

pM= E {'^\ 5{m'-ml)+p{m') . (25) 

The first term corresponds to the contribution from the low-lying vector mesons, 
p, tu, 0, and can be interpreted as the double-pole singularities 5'{rn? — my) in 
the dispersion integral discussed in Refs. [331 EH 131] ■ The second term p refers 
to the continuous part of the spectral function. Here we assume the dominance 
of the low-lying vector mesons. Remembering that A^^^{Q'^] P'^) with k = ip,NS 
represent hadronic components of the matrix elements (7(p)|P^^]^(Qq)|7(p)) and 
that the operators Rn^i correspond to the axial vector currents, we expect that 
At=iiQl; P"^) and A^i^{Ql] P^) may be expressed as 

V=p,ui,<f> Jv \ V ' / 

a:!MQI;P') = E ^^''^-/'^'^ (;;f^]\y\MQl)\v) , (26) 

v=p,uj,<f> Jv \ V ' / 
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1 2 3 4 

(GeV^) 



Figure 2: The P^-dependence of the first moment of gj {x , Q"^ , P"^) in units of 
—3nf{a/TT){e^). The sohd hne shows the case of the three low-lying vector me- 
son (p, u, 0) dominance, while the short-dashed line is the result of the p meson 
dominance. 



where {V\J5{Qq)\V) is a common factor the magnitude of which will be deter- 
mined later. In Eq. ()26|) . we have taken the viewpoint that the photon matrix ele- 
ments of the axial vector currents arise dominantly from the quark-loop diagrams 
so that the flavor nonsinglet part A^£^ is proportional to Tr(Q^i^(Q^j^ — (e^)l)) = 
Suf ((e^) — (e^)^), while the singlet part A^^i is proportional to Tt{Q1^1) = 3raj(e^). 

In order for A^^i{Ql; P"^) and A^£^{Ql; P"^) to satisfy the boundary condition 
fll2|l . we either subtract the values at P^ = or introduce a sharp cutoff at 
P^ = Ql- Here we are considering the case where Ql is sufficiently large {Ql ^ A^) 
and thus the subtraction terms are negligible. On the other hand, the vanishing of 
the first moment of gj at = gives a condition on {V\J5{Qq)\V). We find from 
Eqs.dni) and 

E c^''\Ql) = i, with c(^nQ^) - T^^^^^^^^ . (27) 

Since is sufficiently large, we expect that the dependence of C'^^^(Qg) is rather 
mild, and hence we neglect the dependence of C'^^\Qf^) from now on and write 
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simply as C^^\ Then the sum rule is now written as 



/ dxgUx,Q',P') 
Jo 



7T 



V=p,LL),<f> 




In other words, the vertex function B{P'^) in Eq.()23p is expressed as 



71 



V 



{2m\ + P2 
{ml + P2): 



2 ' 



(29) 



and we see that B{P'^) is actually non-singular at P^ = 0. 

In Fig. 2 we have plotted the P^-dependence of the first moment of gi{x, Q^, P^) 
given in Eq. ()28|l . The solid line shows the case when the contributions of the three 
low-lying vector mesons, p, u, (p, are taken into account, with their masses rrip = 0.77 
GeV, = 0.78 GeV, = 1.02 GeV We adopt the values f^/A7i ^ 2.36, 
/2/47r ~ 20, /^/47r ^ 12 ITTj which lead to C^p^ = 0.76, C(^) = 0.09, and C^*^) = 0.15. 
Also shown are the cases of the simple pole saturation by p meson: C^=i = 1 and (i) 
nip = 0.77 GeV (short-dashed line), and some variation of p mass, (ii) mv = 0.7 GeV 
(2dot-dashed) and (iii) my = 1.0 GeV (dot-dashed). We see that the p-dominance 
is a good approximation to the case where all the three low-lying vector mesons p, 
u, (j) are included. 

Next we pursue the QCD corrections of order to the first moment of g1{x^ Q^, P^) 
for an arbitray target mass P^ in the range < P^ < Qq- We now take into account 
the Us corrections to the coefficient functions in Eq.ijU)) as well as the 0{as) terms 
in the evolution factor Mn{Q'^/Ql,g{Q'^)) in Eq.® (see Ref.jHj for detail). We can 
use the same Aj(^=i((5o; -P^) and A^£^{Ql; P^) given in Eq.^ and we get 




1 



(30) 
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At P2 = Q2^ we have iLi(Qo = = ^nii(<3o = = 0, and we recover 

the previous resuh Q. For the real photon target (P^ = 0), we obtain from Eq. ()26p 
and the condition (j2Zj), 

At=i{Ql; P' = 0) = I2nf{e'), it^,(Q^; = 0) = Uuf {{e') - {eY) , (31) 

and thus we see that the first moment of gj to the order as indeed vanishes for the 
real photon target. If we use the vertex function B{P^) given in Eq. ()29|l . the first 
moment (jHn|l can be rewritten as 



B{P' 



TT / (e') On \ TT TT 



(32) 



Note that the order as QCD effect is factorizable and amounts to reduce the leading 
order result by about 7% for = 1-0 GeV^ and = 30 GeV^. This analysis would 
be easily extended to the case for the order a"^ QCD effect on the first moment [T^ . 
We also note here that there has been an analysis of the first moment sum rule of 
gi{x, Q^, P^) for the intermediate values of P^ based on the more genereral principle 
like chiral symmetry and making a connection with the off-shell radiative couplings 
of the pseudo-scalar mesons [13] • 

Finally we investigate the x-dependence of the structure function gi{x,Q^, P^) 
for an arbitrary value of P^ between and Qq. Once we know all the moments, we 
can perform the inverse Mellin transform of the moments to get gj as a function of x. 
The n-th moment of gi{x, Q^, P^) up to the NLO in QCD is given by the formula 
fll3p . All the quantities in there are already known and are collected in Ref . |14j . 
except for At{Ql] P^), A^{Ql] P^) and A^^{Ql; P^). Since photon does not couple 
to gluon field directly, the contribution of the term with A^{Ql; P^) is expected to 
be much smaller than those with Af^{Ql] P^) and A^^{Ql; P^) and thus we assume 
I^(Qg;P2) = 0. To estimate the PMependence of At^Ql-P"^) and I^^(Qg;P2), 
we adopt the VMD model again. We have seen in Figj21 that as regards the P^- 
dependence of the first moment of gl, the p-dominance is a good approximation to 
the case where all the three low-lying vector mesons p, cu, are included. Therefore, 
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we assume the p-dominance and consider only the contribution of p meson taking 
mv = rrip. Now recaUing that Af^lQl; P'^) and A'^^{Ql; P"^) satisfy the boundary 
condition (fT^ at P'^ = Ql, we take the following forms for < P^ < Q^: 




(33) 



(34) 



where we have inserted a multiplication factor (1 — (m^/ (m^ + Qq))"^) ^ so that 
and A^^ with n = 1 fulfill the conditions dSH) at = q. Here f{n) is the Mellin 
transform of the quark parton distribution function f{x) inside the vector meson, 
which we assume to be a binomial function as follows: 



/(x) = B{p,q) 



1-x) 



q-l 



hn) 



f{x)dx, /(n = l) = l. (35) 



Although there might be more sophisticated VMD inputs j3o||38], we consider the 
simplest case with p = q = 2. 

In Fig. 3, we have plotted gi{x,Q'^,P'^) in units of 3nf{a/7i){e'^) for various 
values of P\ We took P^ = 0, 0.1, 0.3, 0.6, 1.0 GeV^ with = 30 GeV^, Ql = 1.0 
GeV^, Uf = 3 and A = 0.2 GeV. Note that we can read off the tendency where the 
first moment sum rule vanishes for the real photon (P^ = 0), and then turns to be 
more negative as the mass squared of the virtual photon P^ increases. 

Here we also note that the gj of real and virtual photons have been studied in 
NLO QCD using the positivity constraints in where the authors presented the 
maximal and minimal values of gJ for real (P^ = 0) and virtual (P^ = IGeV^) 
photons, which appear to be consistent with our present analysis. 

In order to make sure that our analysis is stable under the change of the renor- 
malization scale Ql, we show in Fig. 4 the Qo-dependence of gi{x,Q'^,P'^) in units 
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p2=0.3GeV 

p2=0.6GeV^ 

Q^=30GeV^ 

LI , , , , , , , , , i_ 

0.2 0.4 0.6 0.8 1 

X 

Figure 3: The P^.^ependence of gj{x, Q^,P^) for the case of = 30 GeV^, Ql = 
1.0 GeV^, n/ = 3 and A = 0.2 GeV. 

of 3nf{a/7r){e'^) for the case of a real photon (P^ = 0), with Q"^ =30GeV^, Uf — 3 
and A = 0.2 GeV. Three curves with Ql = 0.75, 1.00, 1.25 GeV^ almost overlap in 
the whole x region and we see that there appears no sizable dependence on Q^. 

In summary, we have investigated in QCD the transition of the polarized photon 
structure function gj when the target photon shifts from on-shell to far off-shell 
region up to the NLO. The first moment of gj which vanishes for the real photon, 
turns to a negative value when the target photon becomes off-shell. Although our 
estimate of the non-perturbative effects of the photon matrix elements relies on 
the VMD model, we have studied the explicit P^-dependence not only for the first 
moment sum rule but also for the structure function gi{x, Q^, P^), in particular, as 
a function oi x. It turns out that the results are not so sensitive to the choice of the 
renormalization scale. 

This work is supported in part by Grant-in- Aid for Scientific Research from the 
Ministry of Education, Culture, Sports, Science and Technology, Japan No. 18540267. 
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c5-10 



1 




/ P^=O.OGeV^ (real photon) 








0.75 GeV^ 




1 .00 GeV^ 




1.25 GeV^ 


1 


Q^=30GeV^ 



J , : , , , : , , , L 

0.2 0.4 0.6 0.8 1 



X 

Figure 4: The QQ-dependence of gi{x, Q^, P^) for the real photon with =30GeV^, 
n/ = 3 and A = 0.2 GeV. 
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